In this note we use the monodromy argument to prove a NoetherLefschetz theorem for vector bundles.
Introduction
Let X be a smooth complex projective manifold of dimension n and let E be a very ample vector bundle on X of rank r. This means that the tautological quotient line bundle L on the bundle Y = P(E * ) of hyperplanes in E is very ample. For almost all s ∈ H 0 (X, E) the zero-locus Z is smooth, irreducible and of dimension n − r. In [8, prop. 1 .16] Sommese proved that H i (X, Z; Z) vanishes for i < n − r + 1 and is torsion free for i = n − r + 1. Assume that n − r is even, say n − r = 2p. Let Alg ⊂ H n−r (Z) be the space of algebraic classes and let Im = Im(H n−r (X) ֒→ H n−r (Z)). (We always take coefficients in C unless other coefficients are mentioned explicitely (cf. Remark 3).) In this note we prove the following Noether-Lefschetz theorem for this situation.
Theorem 1 If E is very ample and s is general, then either Alg ⊂ Im or Alg + Im = H n−r (Z).
(With "general"we shall always mean general in the usual Noether-Lefschetz sense.) The following theorem, which generalizes the Noether-Lefschetz theorem for complete intersections in projective space (see [2, pp. 328-329] ) is an immediate corollary.
Theorem 2 If h αβ (X) < h αβ (Z) for some pair (α, β) with α + β = n − r and α = β, then every algebraic class on Z is induced from X.
Remark 3
Notice that the unique pre-images of algebraic classes are themselves Hodge classes, i.e. lie in H p,p (X) ∩ H n−r (X; Z). This follows from the fact that the cokernel of H n−r (X, Z) → H n−r (Z, Z) is torsion free.
It is not difficult to show that after replacing E with E ⊗ L k , where k ≫ 0 and L is an ample line bundle, the assumption of theorem 2 is satisfied. (E.g. the geometric genus of X goes to infinity as k goes to infinity.) In [9] we used the notion of Castelnuovo-Mumford regularity (cf. [7, p. 99] ) to make the positivity assumption on E more precise if X = P n . Notations are as in theorem 1. Hdg is defined to be the space of Hodge classes on Z of codimension p, i.e.
Theorem 4 If E is a (−3)-regular vector bundle of rank r on X = P n and Z is the zero-locus of a general global section of E, then Hdg ⊂ Im, unless
(Notice that (−3)-regularity =⇒ (−1)-regularity =⇒ very ampleness.) For the case dim Z = 2 theorem 4 is due to Ein [3, thm. 3.3] . The advantage of theorem 4 is that it applies to Hodge rather than algebraic classes on Z. For example, it implies that if all Hodge classes of codimension n−r on P n are algebraic, then the same holds for Z. The advantage of theorem 1 is that the positivity condition on E is more geometric: the cohomological conditions from [9] are replaced with the condition that E be very ample plus a Hodge number inequality (cf. theorem 2). In other words, for very ample vector bundles, the Noether-Lefschetz property holds as soon as this is allowed by the Hodge numbers. However, this Hodge number inequality condition is of course a cohomological condition on E in disguise. Acknowledgement I am grateful to professor Sommese for the suggestion that I look at the bundle π: P(E * ) → X of hyperplanes in E.
2 Proof of the main result
, where p i are the projections. E ′ has a canonical section s ′ . Let Z be the zero locus of s ′ . The restriction p: Z → P(V ) of p 1 to Z is the universal family of zero loci of sections in E. We leave the proof of the following easy lemma to the reader.
Lemma 5
If E is very ample, then it is generated by its sections. If E is generated by its sections, then Z is smooth, irreducible and of dimension N + n − r.
Let ∆ ⊂ P(V ) be the discriminant of p, i.r.
Fix a point [s 0 ] ∈ P(V ) \ ∆ and let Z ⊂ X be the corresponding smooth fibre of p. Let Γ the image of the monodromy representation π 1 (P(V ) \ ∆) → Aut(H n−r (Z)). Let Im ⊥ be the orthogonal complement of Im with respect to the intersection form on H n−r (Z). Since for general s ∈ H 0 (X, E), Alg is a Γ-module (cf. [5, p. 141]), theorem 1 from the following proposition.
Proposition 6 (Second Lefschetz Theorem)
Proof:
1. Arguing as in the proof of [4, thm. 6.1 (i)] one shows that if Z is submanifold of a compact Kähler manifold X such that H i (X, Z) = 0 for i ≤ m = dim Z, then the restriction of the intersection form to Im(H m (X) ֒→ H m (Z)) is non-degenerate.
The inclusion Im ⊂ H n−r (Z)
Γ is trivial. To prove that H n−r (Z) Γ ⊂ Im, we argue as in [4, thm. 6 
.1 (iii)]. Consider the commutative diagram
H n−r (P(V ) × X) − −−− → H n−r (Z)     H n−r (X) − −−− → H n−r (Z) Γ . By [1, théorème 4.1.1 (ii)] the map H n−r (Z) → H n−r (Z) Γ is surjective. By [8, prop. 1.16] the map H n−r (P(V ) × X) → H n−r (Z) is surjective.
Since the monodromy respects the intersection form, I
⊥ is a Γ-module. The standard argument using Lefschetz pencils and the theory of vanishing cycles reduces the problem of irreducibility to proposition 7 below (cf. [6, pp. 46-48] ).
⊠

Proposition 7
1. The discriminant ∆ is an irreducible, closed, proper subvariety of P(V ).
2. Let G ⊂ P(V ) be a general line. Then Z G := p −1 (G) is smooth, irreducible of dimension n − r + 1 and the restricted family p G : Z G → G is a holomorphic Morse function, i.e. all critical points are non-degenerate and no two lie in the same fibre (cf. [6, p. 34] ). g ∈ G is a critical value of p G if and only if it is a critical value of p.
Proof:
The statements about Z G follow from Bertini. The remaining assertions are well-known if rk E = 1 (cf. [6, p. 19] ). In particular, they are true for (Y, L), where Y is the hyperplane bundle P(E) of E and L is the tautological quotient line bundle O Y (1). The following proposition reduces the general case (X, E) to this line bundle case (Y, L), thus finishing the proof. ⊠ Before we state the last proposition, notice that the natural map s → s:
we denote by Z X (s) the zero-locus of s in X and by Z Y (s) the zero-locus ofs in Y .
is singular if and only if W = Z Y (s) is singular. More precisely, if x ∈ Sing Z, then there exists a y ∈ Sing W with π(y) = x and conversely, if (x, h) ∈ Sing Z, then x ∈ Sing W . Finally, if (x, h) is a non-degenerate quadratic singularity, then so is x.
Proof: This is a calculation in local coordinates. Let x 0 ∈ Z, i.e. s(x 0 ) = 0. After choosing local coordinates x 1 , . . . , x n on X and a local trivialization of E near x 0 we may regard s to be a function in x 1 , . . . , x n . Then x 0 ∈ Sing Z if and only if { . We claim that y 0 = (x 0 , h 0 ) ∈ Sing W . We may assume that the local trivialization of E has been chosen in such a way that h 0 is given by z r = 0, where z 1 , . . . , z r are coordinates on C r . Let s = (f 1 , . . . , f r ). Local coordinates on Y near y 0 are provided by the local coordinates x 1 , . . . , x n on X near x 0 together with (y 1 , . . . , y r−1 ) ∈ C r−1 : we let (y 1 , . . . , y r−1 ) ∈ C . . . , f r−1 ) in x 0 . Let Z ′ = {x ∈ X : f ′ (x) = 0}. We have to check that the Hessian of f r | Z ′ in 0 is non-degenerate. Since we assume that the Hessian ofs has maximal rank in y 0 , so has d. Thus, after a change of coordinates, we may assume that f i (x) = x i for i < r. Thens(x, y) = r−1 i=1 x i y i + f r (x), hence the Hessian ofs in y 0 is   * * E r−1 * H 0 E r−1 0 0,
where H is the Hessian of f r | Z ′ in x 0 . It follows that H is non-degenerate. ⊠
